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3e,Vx, V8, y € Bs(x),3t : Fi(y) & B(F'(x))

m Intuition: long term prediction with precision € is impossible, for any orbit

Jde, Vx : orbit(x) is not e-stable
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dx, Ve : orbit(x) is e-stable
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A dichotomy?

Sensitivity Equicontinuity point
VS
Jde, Vx : orbit(x) is not e-stable dx, Ve : orbit(x) is e-stable

m equicontinuity point = not sensitive

m converse do not hold for dynamical systems in general

Theorem (Kurka’s dichotomy, 1997)

Any 1D CA is either sensitive or has (a lot of) equicontinuity points.

Theorem (Sablik-T., 2008)

There exists a 2D CA which is not sensitive and has no equicontinuity point.
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B G=<E > agroup
m E: finite set of generators

b m Cayley graph: vertices G and edges

{(g,g-e): g€ G,ecE}
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B G=<E > agroup
m E: finite set of generators
b m Cayley graph: vertices G and edges
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Configurations and metrics

G =< E > a group

E: finite set of generators

Cayley graph: vertices G and edges
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Q finite alphabet / configurations: Q¢

df : word metric = distance in Cayley graph

dg: Cantor metric over Q©

5(x,y) = érpeig{dE(Lg) : x(g) # y(g)}

|
-

de(x,y) = 27509
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CA on Groups
Local and global maps

m neighborhood: V C G finite
® local map: \: Q¥ — Q
= global map: F: Q¢ — Q° s.t.

Vx € Q% Vg € G, F(x)g = A(g™" x)v)

where g7! - x is the map h € G — x(g - h)
m examples:
= XOR CA m ldentity CA
mV=E = V={1}
m \u) = Z ue mod 2 B A\Nu)=u

ecE

m All x are equicontinuity points
m Sensitive on Z, Z? and Fy
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Large scale geometry: ends

+ +
«} oo ends *I—* < 1 end o
.




On which group dichotomy holds?



On which group dichotomy holds?

Lemma 0

The dichotomy does not depend on choice of generators E.



On which group dichotomy holds?

Lemma 0

The dichotomy does not depend on choice of generators E.

Lemma 1

If dichotomy holds on G it must hold on any subgroup of G.



On which group dichotomy holds?

Lemma 0

The dichotomy does not depend on choice of generators E.

Lemma 1

If dichotomy holds on G it must hold on any subgroup of G.

Theorem 1 (extending Kurka’s argument)

Dichotomy holds on any group with 2 ends.
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m 2 ends: always
m 1 end: not always (Theorem Sablik-T, 2008)

m oo ends: not always

Theorem 2

Dichotomy does not hold on a free group with > 2 generators.

“Bottle at sea” conjecture
Kurka's dichotomy holds exactly on groups with 2 ends
m Gilman dichotomy: pu-sensitivity vs. p-equicontinuity point

Theorem (Barbieri-Garcia-Ramos-Taati, preprint 2024)

The Gilman dichotomy holds exactly on groups with 2 ends
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